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Abstract 

Hierarchies of evolution equations of pseudo-spherical type are introduced, generaliz- 
ing the notion of a single equation describing pseudo-spherical surfaces due to S.S. Chern 
and K. Tenenblat, and providing a connection between differential geometry and the 
study of hierarchies of equations which are the integrability condition of sl{2, R)-valued 
linear problems. As an application, it is shown that there exists a local correspondence 
between any two (suitably generic) solutions of arbitrary hierarchies of equations of 
pseudo-spherical type. 

1 Introduction 

The class of equations of pseudo-spherical type (or "describing pseudo-spherical surfaces" ) 
was introduced by S.S. Chern and K. Tenenblat Q in 1986, motivated by the following 
observation by Sasaki |^3|: the graphs of generic — in a sense to be made precise in Section 
2 — solutions of equations integrable by the Ablowitz, Kaup, Newell, and Segur (AKNS) 
inverse scattering approach can be equipped, whenever their associated linear problems are 
real, with Riemannian metrics of constant Gaussian curvature equal to —1. Chern and 
Tenenblat then called an equation H = of pseudo-spherical type if the graphs of generic 
solutions of H = can be equipped with Riemannian (or Lorentzian) metrics of constant 
Gaussian curvature —1. The precise definition is given in Section 2. 

The importance of this structure for differential equations, and specially for the theory 
of integrable systems, arises from several facts. First, some of their fundamental properties. 
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such as the existence of conservation laws, symmetries, and Backlund transformations, can 
be understood by geometrical means |, g, ^ ^, |2|, m. Second, these equations 



are the integrability condition of sZ(2, R)-valued linear problems (Sasaki Chern and 
Tenenblat |Q] and Section 2 below), and therefore one can try to obtain solutions for them 
using a scattering/inverse scattering approach Third, one can obtain new analytical 
results motivated by geometrical characteristics of pseudo-spherical surfaces. For example, 
inspired by the well-known observation that two surfaces of constant Gaussian curvature 
equal to —1 are locally indistinguishable, Kamran and Tenenblat [0] and the present author 
|pl| have showed that, if H = and H = are of pseudo-spherical type and u{x, t) and u{x, t ) 
are generic solutions of H = and H = respectively, one can relate u{x, t) and u{x, t) hy 
integrating first order systems of equations — thereby strongly extending Backlund's 24 1 
theorem — and one can obtain a formula for u{x, t ) in terms of the function u{x, t). 

Now, an aspect of the theory of integrable systems which appears to have been little 
studied from a geometrical point of view is the fact that, as stressed for instance, by Faddeev 
and Takhtajan evolution equations ut = F which are the integrability condition of a 
non-trivial one-parameter family of linear problems 

Vx = Xv, vt = Tv, (1) 

in which X and T are, say, s/(2, R)-valued functions of u and a finite number of its deriva- 
tives, are members of infinite hierarchies of evolution equations Ur„ = Fn possessing the 
following characteristics: (a) they generate a hierarchy of commuting flows, (h) they are 
also integrability conditions of a non-trivial one-parameter families of linear problems, and 
(c) they share with the given equation the "space" part of the linear problem (|l]), that is, 
their associated linear problems are of the form 

One wonders if these facts have counterparts in the class of equations considered by 
Chern and Tenenblat: can one can define hierarchies of evolutionary equations describing 
pseudo-spherical surfaces, and do these "hierarchies of pseudo-spherical type" possess the 
characteristics (a), (h) and (c) mentioned in the last paragraph? Moreover, can one general- 
ize to this new setting the correspondence theorems between solutions of single equations of 
pseudo-spherical type |11, 21| which were cited above? This paper is devoted to answering 
these two questions. Hierarchies of pseudo-spherical type are introduced in Section 3 (a 
preliminary definition appeared in and it is shown that they do satisfy (a), (h) and 
(c) above. In particular, they do generate families of mutually commuting flows. Next, 
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it is proven in Section 4 that there exist correspondences between solutions of any two 
hierarchies of equations of pseudo-spherical type, generalizing the results of |11, 21|. As 



an example, it is shown at the end of Section 4 how one can relate solutions of the KdV 
hierarchy to solutions of a hierarchy of linear equations. 

Some of the results appearing in and this paper were announced at the 2000 NSF- 
CBMS Conference on the Geometrical Study of Differential Equations [^0| and more recently 
in m. 



2 Equations of pseudo-spherical type 

Definition 1. A two-dimensional manifold M is called a pseudo-spherical surface if there 
exist one-forms uJ^ ,lJ'^ ,lJ'^ on M that satisfy the independence condition lJ^ A uJ^ 7^ 0, and 
the structure equations 

duJ^ =lJ^ A ZJ'^ , dcJ^ = uJ^ AcJ^ , dZJ^ = uJ^ AZj'^ . (2) 

Thus, if M is pseudo-spherical, it is equipped with the Riemannian metric ds'^ = (lJ^)^ + 
(aJ^)^, the corresponding torsion-free metric connection one-form is lJ^, and its Gaussian 
curvature is —1. 

Hereafter, partial derivatives d^~^"^u/dx^dt"^ , n,m>0, are denoted by Ux^t^- 

Definition 2. A scalar differential equation 

E{x,t,u,Ux, ■ ■ ■ ,Ux«t^) = , (3) 

in two independent variables x,t is of pseudo-spherical type (or, it describes pseudo-spherical 
surfaces) if there exist one- forms w", 

Uj"" = fal{x,t,U, . . . ,Uxrtp)dx -\- fa2ix,t,U,. . . ,Uxstq)dt , = 1,2,3 (4) 

whose coefficients fap are differential functions, such that the one-forms uJ" = u;"(u(x,t)) 
satisfy the structure equations (|2|) whenever u = u{x,t) is a solution to Equation (^). 

Recall that a differential function is a smooth function which depends on x,t, and a 



finite number of derivatives of u [15|; the trivial case when the functions f^p all depend 



only on x, t, is excluded from the considerations below. 

Example 1. Burgers' equation ut = Uxx + uux + h'{x) is an equation of pseudo-spherical 
type. Associated one-forms lo" are 

u = l-u--\dx-\-l-Ux-\--u +-h[x)\dt, 
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0? = -J" = rj dx + (^^u + dt , 
in which 77 7^ is a parameter, and /3 is a solution of the equation —i]l3x + {jf /2)h{x) = 0. 

The expression "PSS equation" will be sometimes utilized below instead of the more 
formal phrase "equation of pseudo-spherical type" . 

Definition 3. Let 3 = be a PSS equation with associated one-forms uj"', a = 1,2,3. 
A solution u{x,t) of 'E = is I-generic if {oj'^ A uj'^){u{x^t)) ^ 0, Il-generic if {u>^ A 
io''^){u{x, t)) / 0, and Ill-generic if {lo^ A u;^)(u(x, t)) / 0. 

For instance (see Example 1) the traveling wave u{x,t) = 2e^"^*/(l + e^"*"*) is a III- 
generic solution of Burgers equation if h{x) = 0, but it is not /-generic. These genericity 
notions allow one to interpret Definition 2 geometrically as follows: 

Proposition 1. Let 3 = be a PSS equation with associated one-forms lo", let u{x,t) be 
a solution of 3 = 0, and set iJ°' = ij"{u{x,t)). 

(a) If u{x,t) is I-generic, uP' and uJ^ determine a Lorentzian metric of Gaussian cur- 
vature K = —1 on the domain ofu{x,t), with connection one-form given by ZJ^. 

(b) If u{x, t) is II -generic, uJ^ and — lJ^ determine a Lorentzian metric of Gaussian 
curvature K = —1 on the domain of u{x,t), with connection one-form given by uj'^. 

(c) If u{x, t) is Ill-generic, and lJ^ determine a Riemannian metric of Gaussian 
curvature K = —1 on the domain of u{x,t), with connection one-form given by lJ^. 



Proposition 1 is proven in |21|. It follows from considering the structure equations of 



a surface equipped with a metric of signature (l,e), e = ±1 which appear, for example, in 







The invariance properties of the structure equations (H) are spelled out in the following 
straightforward proposition: 

Proposition 2. Let uj", a = 1,2,3, be one-forms whose coefficients are differential func- 
tions. Let u{x,t) be a smooth function, and set uJ" = uj"{u{x,t)). The structure equations 

dZJ^ = uJ^ A uJ^ , duj"^ = tJ^ A , and dZJ^ = cJ^ A tJ^ , (5) 

are invariant under the transformations 

-1-1 2 2 ]_ 2 3 3 / 

UJ =U cos]5 + lJ sinp, u) = —uj sin p + 11; cosp, uj =uj + dp ] (6) 
UJ =uj coshp — aJ sinh/3, a; = uJ + dp , uj = —uj sinhp + uJ coshp ; (7) 
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and 

UJ =iJ + dp, u) =uj coshp + uJ sinh^, to =uj sinhp + tJ cosh^; (8) 

in which p is any differential function and'p = p{u{x,t)). 

The geometric interpretation of Equations follow from Proposition 1. Indeed, if 

H = is a PSS equation with associated one-forms w", a = 1,2,3, and u{x,t) is a III- 
generic solution of H = 0, (^) is simply the transformation induced on the one-forms lJ", 
a = 1,2,3 by a rotation of the moving orthonormal frame dual to the coframe {uJ^,uJ^}. 
Analogously, if u{x, t) is //-generic, (^) is the transformation induced on the one-forms lJ" 
by a Lorentz boost of the moving frame dual to the coframe {tJ^, —uJ'^}, and if u{x,t) is 
/-generic, (^) is the transformation induced on the one-forms tJ" by a Lorentz boost of the 
moving frame dual to the coframe {tJ^,tJ^}. 

Remark 1. A very careful analysis of the invariance properties of pseudo-Riemannian sur- 
faces of constant scalar curvature and their relation with classical Backlund transformations 
has been made by Crampin, Hodgkin, Robinson, and McCarthy in [^. 

As pointed out in the Introduction, equations of pseudo-spherical type are of interest 
because, for instance, their conservation laws, symmetries, and classical Backlund transfor- 
mations can be studied from a geometrical point of view [l|, ^, 16, |l^, |l^, 23, For this 



paper it is important to stress that if H = describes pseudo-spherical surfaces, it is the 
integrability condition of a s/(2, R)-valued linear problem. In fact, it is not hard to see 
that if . . .) = is a PSS equation with associated one-forms w", a = 1,2,3, the 

s/(2, R)-valued linear problem 

in which X and T are determined by the s^(2, R)-valued one-form 

n = Xdx + Tdt = -[ , (10) 

is integrable whenever u{x,t) is a solution to H = 0. In other words, the structure equations 
@ imply that the matrix equation 
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is identically satisfied whenever u{x,t) is a solution of H = 0. It follows then that one may 
hope to study PSS equations via scattering/inverse scattering techniques. An interesting 
example is provided by the equation 

{ut - [ag{u) + P]u^}x = g'{u) , 

in which g{u) satisfies g" + fj,g = 6, and /u, 9, a, [3 are real numbers. M. Rabelo proved in 
1989 (see U]) that (^) is of pseudo-spherical type with associated one-forms 

u?- = Quxdx + C{ag + I3)un,dt , lu"^ = t] dx + {{C"^ g - 6) / t] + (37]) dt = {Cg /-r]) dt , 

in which C,"^ = arf' — fj,. Beals, Rabelo and Tenenblat 0] then used the corresponding linear 
problem (^) and ( p^ ) to solve (||) by scattering/inverse scattering methods. 

Remark 2. It is a classical observation in integrable systems [0] that one can interpret 
Equations (|9|)-(|ll|) in terms of an SL{2, R) connection: consider a principal fiber bundle 
U X S'L(2,R) U, in which U is the space of independent variables {x,t). Then, the 
sZ(2, R)-valued one-form 17 defined in ([To| ) — and satisfying ( |Tl| ) whenever u(x,t) is a 
solution to the equation H = — can be thought of as a flat connection on the principal 
bundle U x SL{2, R) U, and the linear problem (P) as determining a covariantly constant 
section v{x, t) on a trivial vector bundle C/ x 1/ — > ?7 associated to the bundle U x SL{2, R), 
in which V is some two-dimensional vector space. This interpretation is of importance in 



the study of transformations of solutions to equations of pseudo-spherical type |21|. 



Now, an important idea in the study of integrable systems is (Faddeev and Takhta- 
jan [^) that an equation H = is not just the integrability condition of a linear problem 
dv = 0,v, but that the "zero curvature equation" Xt — + [X, T] = is equivalent to S = 0. 
It is precisely under this assumption that nonlinear equations which are the integrability 
condition of linear problems have been found from geometrical considerations, see for ex- 
ample the papers by Bobenko [Q], Lund and Regge Lund |13, 14 1, Reyes [|l^, and 



the monograph [^4[ by K. Tenenblat. A crucial problem — which in its full generality is still 
open — is to formalize this equivalence within the context of PSS equations. If H = is a 
^th Qj.jg]^ evolution equation, E = ut — F{x,t,u, ...,u^k), one proceeds thus [11, 
Consider the differential ideal Ip generated by the two-forms 

du A dx + F{x,t,u, ...,u^k)dx A dt, du^i A dt — u^i+i dx A dt, I < I < k — 1, 

on a manifold J with coordinates x,t,u,Ux, ■ ■ ■ ,u^k. Then, local solutions of = F 
correspond to integral submanifolds of the exterior differential system {Ip^dx A dt}. One 
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says that ut = F is strictly pseudo-spherical if the ideal Ip is algebraically equivalent to 
a system of differential forms satisfying the pseudo-spherical structure equations if pulled 
back by local solutions ut = F: 

Definition 4. An evolution equation ut = F{x,t,u, ...,u^k) is strictly pseudo-spherical if 
there exist one-forms uj'^ = faidx + fa2dt, a = 1,2,3, whose coefficients faj3 are smooth 
functions on J, such that the two-forms 

= duj^ - cj^ A cj^ , 0.2 = doj"^ - A , 1^3 = duj'^ - uj^ ^u? , (12) 

generate Ip- 

It follows that \iut = F is strictly pseudo-spherical, it is necessary and sufficient for the 
structure equations Q.a = to hold. Definition ^ will provide some important motivation 
for the constructions appearing in the following section. The following lemma, proven in 



21 1, will also be of interest: 



Lemma 1. Necessary and sufficient conditions for the k!"^ order evolution equation ut = F 
to he strictly pseudo- spherical with associated differential functions fap are the conjunction 
of 

(a) The functions fafj satisfy the constraints: 

fal,u^a = , fa2,u^k = ^ ' fll,u + /ll,^ + fil,u 7^ , (13) 

in which a > 1 and a = 1,2, 3; and 

(b) The following identities hold: 

k-l 



- fll,uF ^ U^^+lfl2,u^, + /21/32 - /31/22 + fl2,x - fll,t = , (14) 
i=0 
k-l 

-/21,«i^ + ^n2,,+i/22,n^, +/12/3I -/ll/32 + /22,x-/21,t = 0, and (15) 

i=0 
fe-1 

-f31,uF ^ n^'+i /32,n^, + /21/12 - /11/22 + f32,x " /si,* = . (16) 
i=0 

3 Hierarchies of equations of pseudo-spherical type 



One considers an affine space equipped with coordinates {x,t,Ti,T2, . . .). The independent 
variable t will be also denoted by tq in what follows; moreover, in this section and henceforth 
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a differential function will be a smooth function depending on a finite number of variables 
x,t,Ti,T2, . . u, and a finite number of 2; -derivatives of u. 

Hierarchies of evolution equations = Fi, i > 0, which describe pseudo-spherical 
surfaces are introduced thus: 

Definition 5. Let u^-. = Fi, i > 0, be a countable number of evolutionary equations, in 
which Fi, i > 0, are differential functions. These equations form a hierarchy of equations 
describing pseudo-spherical surfaces (or, a hierarchy of pseudo-spherical type) if there exist 
differential functions f^p and hai {a = 1, 2, 3; /3 = 1, 2; i > 1), such that for each n > 0, the 
one-forms ©[T' given by 

n 

e^^^ = faidx + fa2dt + Y,haidn, a = 1,2,3, (17) 

1=1 

satisfy the equations 

d^el"] = efU ef ^ d^^ef ^ = e'^U , dne^^^ = efU efK (is) 

In (|l8|), the exterior derivative dH&\^^ is computed by means of 

n 

dug = D^gdx + ^ Dr^g d^ and dnidx) = duidri) = (19) 

i=0 

for any differential function g and i > 0, in which the operators D^, D^^, i > 0, are given 
by 

j=0 ^ * j=0 ^ 

Two examples of hierarchies of pseudo-spherical type are given in the following section. 
Hereafter, if = Fi, i > 0, is a hierarchy of pseudo-spherical type, ut = F will be called 
the seed equation, while the equations = Fi, i > 1, will be referred to as the higher 
equations of the hierarchy. 

Definition 6. A local solution of a hierarchy of pseudo-spherical type = Fi, i > 0, is 
a sequence {nl"l(a;, t, ri, . . . ,r„)}„>o of smooth functions : F^"' C R"'*'^ — > R such that 
for each n > 0, 

(a) is a solution of the equations = Fi, i = 0, . . . ,n, and 

(b) n["+i]|^[„] =uN. 

The geometrical meaning of Definition |5| is explored in the next theorem: 



CORRESPONDENCE THEOREMS FOR HIERARCHIES 



9 



Theorem 1. Let = Fi, i > 0, he a hierarchy of pseudo-spherical type with associated 
one-forms 

n 

= faidx + f^2dt + Y,KidTi, a = 1, 2, 3; n > , (21) 

1=1 

and let the sequence of real-valued smooth functions 

{ti["'l(x,t,ri,...,T„)}„>o 

be an arbitrary solution of the hierarchy u^^ = F^. For each n > 0, let yl"! be (an open 
subset of) the space of independent variables (x, t, ri, . . . , r„) contained in the domain of 
the function n'"', and assume that y'^^ is equipped with a flat pseudo-Riemannian metric 
of index s. Assume further that 

et^^Aei"] (txN(x,t,ri,...,T„))/o 

on Then, if the index of yt"' is s = n, there exists a two-dimensional immersed 

Riemannian submanifold S of such that 

(a) The one-forms 

el"](^/M(x,t,ri,...,r„)), and G^^ (nW(x,t,ri, . . . ,r„)) (22) 

are a moving orthonormal coframe on S and the one-form Q^^\u^'^\x,t,Ti, . . . ,t„)) is the 
corresponding Levi-Civita connection one-form. 

(b) The induced metric of S has constant curvature —1. 

(c) The normal bundle of the immersion is flat, that is, the normal curvature of S is 
identically zero. 

Proof. The following range of indices will be used in what follows: 

l<A,B<n + 2; l<i,j<2; 3<a,/3<n + 2. 
Set aA = ^, except for s indices between 3 and n + 2 for which a a = —1- The structure 



equations of a two-dimensional manifold S immersed in the flat space V^""' are |24| 

diOi = u)2 A CJ21 , da;2 = 1^1 A uji2 , (23) 
together with the Gauss equation 

n+2 

A UJa2 , (24) 

a=3 
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the Codazzi equations 

2 n+2 

duJia = '^ UJij A LOja + X] ^T/? ^ifS A W/j^ , (25) 
j=l /3=3 

and the Ricci equations 

n+2 

^af3 = A W^/J + ^afS , (26) 

7=3 

in which 

^al3 = ^al A i^Xfi + Wa2 A 0^2/3 (27) 

is the normal curvature of S. Moreover, the connection one-forms ujab satisfy 

A uJia + W2 A c<j2a = , and ujab + '^BA = . (28) 

Conversely, such an immersed surface exists if there exist one-forms uJi and loab satisfying 
Equations (||)-(|2|). 

Now, Definition || implies that Equations ( p3[ ) are satisfied if one sets 

= ei"! (nW (x, t, n , . . . , r„)) , u;2 = ej^l (^x^ (x, t, n , . . . , r„)) , (29) 

^i2 = ef^(7zW(x,t,ri,...,r,)) . (30) 

Moreover, since Equations (|2^) imply that 

LOia = h^i LOi + UJ2 , and /ig = /i", , (31) 

one can take 

1,1 

LOia = —^UJi , and UJ2a = —^UJ2 , (32) 



and define one-forms Wq/j simply by 

UJafS = . (33) 



Equation (|33|) implies that the Ricci equations (|2q) become il.ai3 = 0, and these equations are 
identically satisfied because of (|3^). Also, ( |32|) and (^) imply that the Codazzi equations 
(|2§) read 

= UJi2 A W2 , dW2 = <^21 A UJi , 

which are precisely Equations (^). Finally, the Gauss equation (24) becomes 

n+2 ^ ^ n+2 

du;i2 = 0-Q - tJi A (-0^2) = ( o-o) wi A a;2 , 



CORRESPONDENCE THEOREMS FOR HIERARCHIES 



11 



and this equation holds if one takes 



-1 



for all a, so that the index of the pseudo-Riemannian manifold V^"'^ is s = n. Thus, 
Equations ([29|)-(|33|) determine an immersed Riemannian surface S of constant curvature 
— 1 described by the moving coframe (22), and such that the normal bundle of the immersion 
is flat. □ 

Theorem |l] is a higher dimensional analog of a straightforward immersion result for 
single equations of pseudo-spherical type appearing in [|l^, 18 1. An obvious problem that 
now presents itself is whether there exists a relationship between the hierarchies of pseudo- 
spherical type considered in this paper and the intrinsic generalizations of two-dimensional 



integrable equations studied by K. Tenenblat and her co-workers |24], which are related to 
immersions of manifolds of constant curvature into higher dimensional space forms. This 
issue will be considered in a separate work. 

The following lemma allows one to prove that each equation n^-- = -Fj of a hierarchy of 
pseudo-spherical type describes pseudo-spherical surfaces. 



Lemma 2. Let Ur 

one-forms 



Ei, i > 0, be a hierarchy of pseudo-spherical type with associated 



Q^a^ = faldx + fa2dt + ^ /l^i d^ 



a 



1,2,3; n > . 



(34) 



Then, the following four sets of equations hold: 



-A/ll + D,fi2 


= /31/22 


- /32/21 


-A/21 + A/22 


= /11/32 


- /12/31 


-A/31 + A/32 


= /11/22 


- /12/21 


-A,/ii + A/iii 


= /31^2i 


— ^3j/21 


-A,/21 + A/i2i 


= /ll^3j 


- ^li/31 


-DtJsI + A/i3i 


= /ll^2i 


— ^lj/21 


-Drjl2 + Dthu 


= f32h2i 


- ^3i/22 


-AJ22 + A/l2i 


= fuhsi 


- ^li/32 


-Drj32 + Dth3i 


= /l2^2i 


- /ili/22 


-Dr^hli + Dr^hlj 


= h'iih2j 


— h3jh2i 


-Dr^h2i + Dr^h2j 


= hiih^j 


— hijh^i 


-Dr^hsi + A,/l3i 


= hiih2j 


— hijh2i 



(35) 



(36) 



(37) 



(38) 



12 



REYES 



in which i,j > 1. Conversely, if = Fi, i > 0, is a sequence of evolution equations, the 
operators and D^-^ are defined by means of (^), and there exist differential functions 
fafs, hai {a = 1, 2, 3; (3 = 1,2; i > 1) such that (|35|) -(|38|) are satisfied, then = Fi, i > 0, 
is a hierarchy of pseudo- spherical type with associated one-forms (p^). 

The proof of Lemma |2| is elementary and will be omitted. One now has: 

Proposition 3. Let n^-. = Fi, i > 0, be a hierarchy of pseudo-spherical type with associated 
one-forms ©[T' = faidx + fa2dt + J2^^^ haidri, a = 1, 2, 3, n > 0. Then, the equations = 
Fi, i > 0, describe pseudo-spherical surfaces with associated one-forms uJq = faidx + fa2dt 
ifi = 0, and = faidx + haidri, if i > I. 

Remark 3. If = i^i, i > is a hierarchy of pseudo-spherical type, Equations (P), (|lO|) 
and (18) imply that for each n > 0, the trivial bundle 1/"+^ x 5^(2, R) can be equipped 



— whenever {^["1 (x, t, ri, . . . ,r„)}„>o is a solution to the hierarchy = Fi — with a flat 
sl{2, R)-valued connection, in analogy with the single equation case. Moreover, Proposition 
^ implies that for each i > 0, the pull-back of this connection to the submanifold of 
coordinates (x,rj) gives a flat sZ(2, R)-valued connection form associated with the equation 

Ur, = Fi. 

In the remainder of this section, it will be proven that Definition |5| encodes the main 
properties of standard hierarchies of "integrable" equations alluded to in the Introduction. 

Proposition 4. Let u-j-^ = Fi, i > 0, be a hierarchy of pseudo-spherical type. The equations 
Un = Fi, i > 0, are the integrability condition of linear problems with a common space part, 
that is, there exist matrix-valued functions X and Ti such that for each i > 0, n^-. = Fi is 
the integrability condition of the linear problem 

Vx = Xv , Vr^ =TiV . 

Proof. This result follows from Proposition and Equations (p|)-(p!l|). □ 



Next, one would like to show that hierarchies of pseudo-spherical type generate hier- 
archies of pairwise commuting flows. In order to avoid some technicalities — mentioned in 
Remark |^ at the end of this section — this property is proven below in the special case of 
hierarchies of strictly pseudo-spherical type, which are now defined: 

Consider a countable number of evolution equations = Fi, of order ki, i > 0. For 
each n > 0, let J*-"-* be a manifold with coordinates {x,t,Ti, . . . ,Tn,u,Ux, ■ ■ ■ , u^M{n)), where 
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M(n) is the maximum of the orders kj, < j < n, and — in analogy with the single equation 
case — let /^"^ be the differential ideal generated by the two-forms 

n 

duAdx + FodxAdt + ^ Fi dx A dn , (39) 

1=1 

n 

du^k Adt - u^k+idx A (it - ^ D^P'j d^j ^^t, < k < ko - 1 , (40) 

i=i 

and 

n 

du^k A dTj — u^k+i dx A dTj - D^Fo dt A drj - ^ D^Fi dn A drj , (41) 

1=1 

in which for each j = 1, . . . ,n, < k < kj — 1. 

Definition 7. A countable collection of evolution equations = Fi, i> 0, is a hierarchy 
of strictly pseudo- spherical type if there exist differential functions fa/3, ot = 1,2,3; (3 = 1,2, 
and hai, i > 1, such that for every n > 0, the two-forms 

= det"! - A et"] , n^^^ = det"' - e["i a , f^j,"! = def - e'"] a ^ , (42) 

in which 

n 

el^^ = faidx + fa2dt + Y,haidTi, a = 1,2,3, (43) 

1=1 

generate the ideal I^""^ . 

Instead of Lemma |l| on a single strictly pseudo-spherical equation, one now has: 

Proposition 5. Consider a sequence of equations = Fi of order ki, i > 0, and for each 
n > let AI(n) be the maximum of the orders kj, < j < n. Necessary and sufficient 
conditions for the equations = Fi, i > 0, to form a hierarchy of strictly pseudo-spherical 
type with associated functions fap and hai (a = 1, 2, 3; /? = 1, 2; z > 1) are the conjunction 
of 

(a) The functions fai satisfy /f^ „ + /|i „ + /|i „ / ; 

(b) For each n > 0, the functions fa/3 and hai satisfy 

fai,u^, = , 1 < A: < M(n) ; fa2,u^, = , ko < k < M{n) ; 

hai,u^k = ' ki <k < M{n) ; 

and 
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(c) The functions Fi, fajs, and h^i satisfy the identities 



{fu,t + fu,uFo) + Dxf 12 
(/21,i + f21,uFo) + Dxf22 
(/si.i + /si.w-^o) + Dxf?j2 

(/ll,Ti + fll,uFi) + F)xhii 
(/21,Ti + f21,uFi) + Dxh2i 

(/ai.Ti + f3i,uFi) + -Da./i3i 

-Drjl2 + Dthu = 
-Drj22 + Dth2i = 
-Drj32 + Dth3i = 

-Drjhli + Dr^hlj = 
-Dr^h2i + Dr^h2j = 
-Drjh3i + Dr^hsj = 



= /31/22 — /32/2I 
= /11/32 — /12/3I 
= /11/22 — /12/2I 

= /31^2i — ^3i/21 
= /ll^3i — hiifsi 
= /ll^2i — ^lj/21 

/32/l2j — h^if 22 
/l2^3i — ^lj/32 
/l2^2i — hiif22 

hzih2j — h3jh2i 

huh-^j — hijh^i 
huh2j — hijh2i 



(44) 



(45) 



(46) 



(47) 



/or a// i, J > 0. 



Proof. Expand the two-form , and consider the structure equation = 0. Definition 
^ imphes that 



n 

du Adx + Fodx A dt + y^^Fjdx Adrj = , 



n 



and 



du^kAdt — u^k+idx A dt 



du^k A dvj — u^k+idx A drj 



D^Fj dTj Adt = 



< A: < A;, 







(48) 
(49) 



D^Fo dt A dTj - D^Fi dn A dTj = , (50) 



1=1 



in which for each j = 1, . . . ,n, Q < k < kj — 1. Substituting these equations into Vt^ = 
and collecting terms, one finds the identities 

— fii,t — fii,uFo + Dxfi2 — /31/22 + /32/21 
—fii,Ti — fii,uFi + Dxhii — /3i/i2i + ^31/21 

-Drjl2 + Dthu - /32/l2i + /i3i/22 

—F>Tjhii + Dr^hij — h3ih2j + h3jh2i 

and 










(51) 
(52) 
(53) 
(54) 



fn,u 



0, 1 < A; < M(n) ; 



(55) 
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fu,u^, = 0, ko<k<M{n); (56) 
hu,u, = 0, ki<k<M{n). (57) 



The other equations appearing in (35)-(^) are obtained from the equations ^2 — = 0. 
FinaUy, the constraint ffi „ + /I 1 « + /I 1 « 7^ holds, for otherwise the equations = Fi 

In] 

would not be necessary and sufficient for the structure equations 0,a = to be satisfied. □ 

Corollary 1. Assume that the equations Uj-. = F^, i > 0, form a hierarchy of strictly pseudo- 
spherical type with associated functions faj3 and hai {a = 1, 2, 3; /? = l,2;i > 1). Then, each 
equation u^-^ = Fi is strictly pseudo- spherical with associated one-forms lOq = faidx + fa2dt 
{if i = 0) and ujf = faidx + haidri {if i > 1) in which a = 1,2, 3. 

In order to prove that a hierarchy Uj-. = Fi of strictly pseudo-spherical type generates a 
family of pairwise commuting flows, one needs to show that the function Fj is a generalized 
symmetry of the equation = Fi for all i,j > 0: 

Definition 8. A differential function G is a generalized symmetry of an evolution equation 
ut = F{x,t,u, . . . ,Ux") if for any local solution u{x,t), the function u{x,t) + TG{u{x,t)) 
satisfies ut = F to first order in r. 

Thus, G is a generalized symmetry of ut = F if and only if the equation DfG = F^,G, 
in which for any f{x, t,u, . . . , u^k), /* is the formal linearization of / given by |15] 

1=0 

holds identically once all the derivatives with respect to t appearing in it have been replaced 
by means of = F. Equivalently ||l^, an evolution equation ut = G is a generalized 
symmetry of ut = F if, at least formally, their flows commute, that is, if 

dG 

— +F^G- G^F = (59) 

whenever u{x,t) is a solution of ut = F. 

The following characterization of generalized symmetries of strictly pseudo-spherical 
evolution equations holds []l^] : 

Lemma 3. Let ut = F{x,t,u, . . . ,Ux^) be a strictly pseudo-spherical evolution equation 
with associated one-forms lo" = faidx + fa2dt, a = 1,2, 3. Let G be a differential function, 
and let u{x,t) be a local solution of ut = F. Consider the deformed one-forms 

uj"{u{x, t)) + TAa{u{x, t)) , (60) 
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in which 

Aaiu{x, t)) = fal,u{u{x, t)) G{u{x, t)) + ^ /„2,n^, (u(x, t)) ^'^K^'^)) . (gl) 

i=0 ^ 

Then, the deformed one-forms UJ°'{u{x,t)) + TAa{u{x,t)) satisfy the structure equations of a 

pseudo-spherical surface up to terms of order if and only if G is a generalized symmetry 

of the equation ut = F. 

The final theorem of this section reads as fohows: 

Theorem 2. Assume that = Fi, i>0, is a hierarchy of strictly pseudo-spherical type 
with associated one-forms 

n 

eL"] = faidx + fa2dt + h^idn , a = 1, 2, 3; n > . (62) 

4 = 1 

The function Fj is a generalized symmetry of the equation = Fi, for all i,j > 0. 

Proof. Since = -Fj, i > is a hierarchy of strictly pseudo-spherical type, the equations 
Ut = F and n^-- = Fi are strictly pseudo-spherical with associated one forms Wg = faidx -\- 
fa2dt and tof = faidx + haidri respectively, and therefore one can apply the last lemma. 

One checks first that the equations = Fi determine generalized symmetries of the 
seed equation ut = F. Consider the deformations of the one-forms uJq induced by 

u + rFi , 

and set 

Aq = fai,ndx + fa2,ndt , 

a = 1,2,3. These one-forms are of the type (|6l]) if pulled-back by solutions u{x,t) of 
Ut = F because of Proposition |5[ A straightforward computation shows that the deformed 
one-forms uJq + t^Aq describe pseudo-spherical surfaces to first order in if and only if the 
equations 

dKi = A A2 + A3 A , (63) 
dA.2 = A A3 + Ai A , and (64) 

iiA3 = A A2 + Ai A LJ^ , (65) 

hold whenever u{x, t) is a solution of the equation ut = F. Now, Equation (|63|), for instance, 
holds if and only if 

— /ll,Tii + fl2,TiX = /3l/22,ri — /32/21,Ti + fa,l,Tif22 — f2lfz2,Ti ■ (66) 
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Because of Equations (45) and (46), Equation (66) is equivalent to 

— ^2i( — /31,i + h2,x) + ^3i( — /21,t + f22,x) = — ^2j(/22/ll — /21/12) + ^3i(/32/ll — /31/12) , 

an equation which does hold whenever u{x, t) is a solution of ut = F, since this equation 



describes pseudo-spherical surfaces with associated one-forms uJq. Equations (|64D and (|65D 
are treated in analogous fashion. 

One now checks that the equations Urj = Fj determine generalized symmetries of the 
equations Uj-^ = Fi, i ^ j. Recall once more that the equations = Fi describe pseudo- 
spherical surfaces with associated one-forms ujf = faidx + haidri. Deform these one-forms 
by means of 

U 1-^ U + TjFj . 

As before, the one-forms 

Aj — fal,Tjdx + hai^TjdTi 

are of the type (|6l]) if pulled back by solutions u{x, Ti) of = Fi because of Proposition]^. 
One then needs to prove that the deformed one-forms ujq + TiAf describe pseudo-spherical 
surfaces to first order in Tj, or, in other words, that the equations 

dAj = u;fAAf + AlAuf, (67) 
dAj = ujj /\Af + A- A ujf , and (68) 

dAl = AA^ + A^ Aa;f, (69) 

are satisfied whenever u{x,Ti) is a solution of the equation u-r^ = Fi. The proof goes as 
before, using this time Equations (^6)) and (|47|). □ 



Remark 4. It is possible to generalize Theorem ^ to the case of arbitrary hierarchies of 
pseudo-spherical type, but some extra technical difficulties appear. Essentially, one needs to 
consider generalized symmetries of arbitrary PSS equations, and state an analog of Lemma 
^ for them. Such a result can be proven by taking into account the gauge invariance of the 
of the theory of equations describing pseudo-spherical surfaces, as in [^]. 

4 Correspondence results 

The geometric correspondence theorems between solutions of PSS equations which have 
been recently obtained by Kamran and Tenenblat [|l^] and Reyes |21] are based on two fun- 



damental facts: first, each generic solution u(x, t) of a PSS equation determines a pseudo- 
spherical metric on (an open subset of) the graph of u{x,t); second, surfaces of constant 
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Gaussian curvature are locally isometric. The authors of |11] noted that these two ob- 
servations allow one to establish correspondences between solutions of PSS equations, by 
explicitly constructing these isometries. The transformations one obtains are very different 
from classical Backlund transformations ||6|, Q for "soliton equations". For example, the 
new transformations require explicit changes of independent variables; they appear to be 
unrelated to symmetry considerations (see Chern and Tenenblat Q, Tenenblat |^], and 
Beals, Rabelo, and Tenenblat Q for relations between symmetries and standard Backlund 
correspondences); finally, they are not restricted to transforming solutions of a same equa- 
tion, or even equations of the same order. 



The following three results appear in [21|: 



Theorem 3. Let 'E{x,t,u, . . .) = and H(x, i, 2, . . .) = be two PSS equations with as- 
sociated one-forms = faidx + fa2dt and lD* = faidx + fa2dt, a = 1,2,3, respectively, 
and assume that these one-forms satisfy lo'^ A ^ 0, and lD^ A 0'^ ^ 0. Then, for any 
I -generic solutions u{x,t) o/H = and u{x,t) o/H = 0, there exist a local diffeomorphism 
"if : V ^ V , = {'y{x,t),6{x,t)) in which V and V are open subsets of the domains 

of u{x,t) and u(x,t) respectively, and a smooth function v : V ^ 'R., such that uo°'(u{x,t)) 
and id'^iuix, t )) satisfy 

'^*uj^ = uj'' + dv , '^*u)'^ = oj'^ cosh V + uj^ smhu , = oj'^ smhv + uj^ cosh u . (70) 

That the maps ^ and v exist, is simply |11, ^] an expression of the local uniqueness of 



surfaces of constant curvature referred to above. The proof of Theorem y |21| makes it clear 
that the maps ^ and u depend on both solutions u{x, t) and n(x, t). Now, a careful analysis 
of ( ffol ) allows one to find a system of equations for 7, 5, v which can be -in principle- solved 
without previous knowledge of the solution u{x, t ) : 

Lemma 4. Let H(x,t,n, . . .) =0 and H(rc, t, n, . . .) = &e two scalar equations describing 
pseudo-spherical surfaces with associated one-forms uj"^ = fudx + fi2dt and lD* = fudx + 
fi2dt, i = 1,2, 3, respectively, in which fu = u. Assume that cu"^ Acu^ ^ 0, and a)^ A a)^ ^ 0. 

Let T(x,t) = {'y{x,t),6{x,t)) be a smooth map with Jacobian J = ^x^t — Jt^x from (an 
open subset of) M to (an open subset of) M, and let v be a smooth map from (an open 
subset of) M to R. The system of equations 

J (TV12) = - b(/ii + ^x) - 7x(/i2 + yt)] , (71) 

(T72i)7x + (T722)(^x = /2icoshz.-/3isinhi., (72) 
(T*/2i) 7t + (T*/22) 5t = f22 cosh V - /32 siuh V , (73) 
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(T73i)7x + (T732)4 = /2ismhz. + /3icoshi., (74) 
C^* hi) It + C^* f32) St = /22 sinh + /32 cosh 1/ , (75) 

in which the pull-backs ofu and its derivatives with respect to x, t appearing in the functions 
(T* fij)(x,t) have been evaluated by means of the equation 

n o T = i {6t{fu + i^x) - SMi2 + i^t)) , (76) 

admits — whenever u{x, t) is a I -generic solution of'B = — a local solution 'y{x, t), 5{x, t), 
v{x,t) such that T{x,t) = {-~f{x,t), 6{x,t)) is a local diffeomorphism. 

It follows that there exists a transformation carrying solutions to H(x,t,u, . . .) = to 
solutions to H(x, t,u, . . .) = 0: 

Theorem 4. Let 'E{x,t,u, . . .) =0 and E{x,t,u, . . . = be two scalar equations describing 
pseudo- spherical surfaces with associated one-forms = faidx + fa2dt and tD* = faidx + 
fa2dt, a = 1,2,3, respectively, and assume that these one-forms satisfy uo^ f\uj'^ ^0 and 
o)^ A S)^ ^ 0. Any I-generic solution u(x,t) of 'B(x,t,u, . . .) =0 gives rise to a I-generic 
solution uix, t ) of H(x, t,u, . . .) = by means of 

n o = 1 {5t{fn + i^x) - 6Mi2 + i^t)) , (77) 

in which v is a real-valued function, ^{x,t) = {^{x,t),5{x,t)) is a local diffeomorphism, J 
is the Jacobian of , and both u and ^ are determined by u{x, t) by means of Lemma ^. 

Note that the local diffeomorphism ^{x,t) = {'y{x,t),6{x,t)) and the map depend 
on the solution u{x,t), and therefore Transformation ( [77| ) depends on u{x,t). This fact 
shows yet another difference between the correspondences of [11, 21 1 and usual Backlund 
transformations. Consider, for example, the classical transformation |^] 

9t + ojx = — smuj cos 6 , and 9x + ojt = cos ujsmO , (78) 

connecting two solutions of the sine-Gordon equation 

—^-^ = sm9cos9. (79) 

In contradistinction with ( [7^ ) , the form of Equations ( |78D , which determine a "new" solution 
u;(x,t) to the sine-Gordon equation starting from an "old" solution 9{x,t), is the same for 
any given generic solution 9{x,t) of (^). 

One would expect that generalizations of Theorems |3| and ^ to hierarchies of PSS equa- 
tions should exist: these results are based solely on the local geometry of pseudo-spherical 



20 



REYES 



surfaces as encoded in the structure equations and these equations also appear when 
one is dealing with hierarchies! 

In] 

If Un = Fi, i > is a hierarchy of pseudo-spherical type with associated one-forms @a , 
the pull-backs of the forms q\^^ by solutions to = Fi will be denoted again by Q^a\ 



no confusion should arise. In analogy with the single equation case considered in |11, 21 1, 
one can prove the following result: 

Theorem 5. Let n^-. = Fi{x,t,u, . . .) and u^. = Fi{x,t,u, . . .), i > 0, be two hierarchies of 
pseudo-spherical type with associated one-forms 

n n 

©L"^ = faidx + fa2dt + ^ haidn , and e[,"l = f^idx + fa2dt + Kidn , (80) 

1=1 1=1 

respectively. Let {^["1} and {n'"]} be solutions of Uj-. = Fi and u^- = Fi, i > 0, and 
assume that u^^\x,t) and u^^^x,t) are L LI -generic. Then, for each n > there exist a 
local diffeomorphism T^"] : V^""^ — > V^'^\ in which 1/1"] and l/I"! are open subsets of the 
domains of n'"] and 2^"' respectively, and a smooth function /i'"] : T/t"! R, such that the 
pull-backs of Q^a"^ by n'"] and gIT^ by ut"! satisfy 

xM*eN = el"]cos^W + eMsin^M , (81) 
TN*eP = -e["lsin/.W + e["]cos/xW , (82) 

Moreover, the maps T^"] and n > 0, can be chosen so that 

tI^+^Vw = ^["1 , and /ut^+^Vw = Ai'"^ , ™ > . (84) 

Proof. For each n > 0, one considers the one-forms cr"a \ o = 1, 2, 3, given by 

a^^^ = ldx + '^id?i, 4"] = id?, 4"! =4"]. (85) 

t t t 

Note that af'^ crf'^ + 4*^' ^ 4*^^ exactly the standard hyperbolic metric on the Poincare 
upper half plane, and that 4*^' is the corresponding connection one-form. In fact, one easily 

In] 

checks that for any n > the one-forms aa satisfy the structure equations 

d4"i = 4"] A 4"] , d4"] = 4"! A 4"] , d4"] = 4"! A 4"! , (86) 

identically. Now, one can "dress" these one-forms in the following sense: one can prove that 
for each n > there exists a local diffeomorphism pl'^l : {x,t,Ti, . . . , r„) (x,t,fi, . . . , Tn) 



CORRESPONDENCE THEOREMS FOR HIERARCHIES 



21 



and a real-valued function 9^"'\x,t,Ti, . . . ,Tn) such that the pull-backs of the one-forms 
gIT^ by the solutions ut"' satisfy 



Gi"'cos0^"l + e^"Jsin0l"J , 
-eS"]sin0N + eflcos0W ^ 



(87) 



(89) 



1 

-(a^ + ^Ti, 



1 " 

-(a^ + ^r,,) 



1=1 

n 



i=l 



This is seen thus: Write = (a, /3, Ti, . . . , r„), in which a, p, X; : ^ R, and compute 
p[n]*^M_ Equations (p^)-(p9|) are equivalent to the following equations 



(90) 
(91) 

(92) 

(93) 
(94) 
(95) 

(96) 
(97) 
(98) 



hi cos ^["1 + /2isineM , 
/iscos^M +/22sineW , 

hij cos 6'["] + h2j sin , j = l,...n, 

-/iisin^M + /2icos0["l ^ 
-/i2 sin0N + /22Cos0M^ 

-hij sin ^["1 + /i2j cos ^["1 , j = l,...n, 

/32 + , 

^3i+e[?, j = l,...n. 
Substituting (|0D-(|9|) into (||)-(|9|), one finds that the system (|9^)-(|D becomes 

n 

d(a + Y^Ti) = /3{ef''cos9W +0!j"'5in9l"l) ^ (99) 



1 



1=1 

n 



1 



i=l 



1 



i=l 



i=l 



d{lnP) = -ef^'sin^M + ef^cos^'"' 



eMcos^M + et^isineW = efi + d^w 



(100) 

(101) 



It is easy to see that the Pfaffian system (101) is completely integrable for a function 
9^"'\x, t,Ti, . . . , Tn), since that for each n > 0, the structure equations 

det"! = efU ef ^ def ^ = e'^U G!^^ de^^^ = efUef\ (102) 
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are satisfied on solutions of the hierarchy Uj-. = Fi, i > 0. It is also straightforward to 
check that the right hand sides of (^) and ( |100| ) are closed one-forms. Thus, Equations 
(|99|) and (|100|) determine f3 and a + Yl^=i '^i- can specify the functions Ti, i = 1, . . . ,n 
almost freely: they are constrained only by the fact that rt"' = {a, (3,Ti, . . . , Tn) be a local 
diffeomorphism. A natural choice is to take Tj = Tj. It then follows that the Jacobian 
determinant of rl"l is simply 

axf3t - a A = /3^(/ii/22 - /12/21) , 

and therefore, since u^^\x,t) is ///-generic, Ft"! is a local diffeomorphism. 

Next, one can also find a diffeomorphism r^"] and a function ^"1 satisfying the equations 
corresponding to Equations (87)-(^) with replaced by bIT^. It then follows that 

= (f["l)-i oEW, and = _ o tW 



satisfy Equations (pl|)-(p3|). 

It remains to check compatibility of the functions T'"] and /i'"!, n > 0. The fact that 
X["+^]|y[„] = T["] follows trivially from the construction of the functions T^. On the other 
hand, in order to check that /i^""^^' |y[7i] = /i'"^, it is of course enough to show that 

=0N , ^>o. (103) 

Expanding (with 6'N replaced by 6l["+il) one sees that the function ^1"+^] is determined 
by the Pfaffian system 

Gl"]cose["+i] + eflsine["+i] = efl+d^'^+^l, (104) 

Q o{n+l] 

/ii,n+icos0["+il + /i2,n+isin^["+^l = h^,n+i + ^ , (105) 

OTn+1 

in which the operator d appearing in ( |104D is the exterior derivative on the space R""'"^ 
equipped with coordinates (x, t, n, . . . , Tn)- One now considers the following Cauchy prob- 
lem: 

d z 

= /ll,n+l cos Z + /l2,n+l sin Z - /l3,n+l , 



dTn+1 

z(x,t,ri, . . . ,r„,0) = ^["'l(x,t,ri, . . . ,r„) . 

This problem has a unique solution z(x, t, ri, . . . , r^, r^+i), see Gardner [|^. It is then 
enough to set ^I'^+^l = z. Since ^I"! satisfies Equation (104) by construction, the function 
6l["+il satisfies (^, (|10|), and 6l["+i]|^[„i = This ends the proof. □ 

Theorem ^ is already a correspondence result, as the following corollary shows: 
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Corollary 2. Let n^-- = Fi{x,t,u, . . .) and u^. = Fi{x,t,u, . . .), i > 0, be two hierarchies 
of pseudo-spherical type with associated one-forms given by (|0D. Let {nW} and {S^} be 
solutions of Ut-. = Fi and n^. = Fi, i > 0, and assume that and u^°^{x,t) 

are 

Ill-generic. There exist sequences of maps {TM} and {^["1} such that: 

(a) for each n > 0, Tt"! = {tp^'^\ip^"'\4>^i\ . . . ,(1)1^^) is a local diffeomorphism from an 

open subset yt"! of the domain of u^"^ to an open subset yt"! of the domain o/St"!; 
(6) for each n > 0, ^u^ : ^ R is a smooth real-valued function; and 
(c) for each n > 0, t/ie pull-backs of the functions fap, h^i, fap, and h^i by u'"! and 
respectively, satisfy 



fn o TN 
m which 



At" 



/i2oT[^ 



A 



Al*^ 



A 



i+2 



AN ' 



(106) 







[n] 


. 


. 








[n] 


. 


. 




aN = 




[n] 


1 . 


. 








[n] 


. 


. 1 





(107) 



and for each i = 1,2, . . . n + 2, Aj = A, except for the ith column, which is replaced by the 
column vector 

( fn cos Ai'"! + /21 sin //W \ 
/i2Cos/xW+/22sm^N 

/ill cos + /i2i sin /iN 



y /ii„ cos /uN + /i2n sin ^["1 y 



(108) 



Proof. Theorem ^ implies that there exist sequences {TN} and {/x^} of local diffeomor- 
phisms and smooth functions respectively, such that for each n > 0, 



jln]*Qln] ^ eS"lcOS/iW+e["]sin^N , 

xN*eW = -et^lsin/iM + eflcos/ut"! , 



Write T W = (V'l"! , , ■ ■ ■ , <Pn^ ) , and set 



(109) 
(110) 
(111) 



(112) 
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The construction of TI"! appearing in the proof of Theorem 4 imphes that 



0i = rj, 


J = 1,2,... , 


n . 




(|T09D-(|TlT|) becomes 








911 4"' + 912 4"' 


= /ll COS 


+ /2isin^W 


(113) 


^ , fn] . ^ [n] 
511 n + 912 ft 


= /l2COS/x["l 


+ /22Sin^W 


(114) 


911 4? +512 4?+^i.- 


= /llj COS ;u'" 


+ h2j sin/i'"] 


(115) 


?21 V'l"' + ?22 V'L"' 


= -/iisin/x 


"I+/21 cos/xN 


(116) 


921 n + 522 (/^i 


= -/i2sin/x 


"l+/22COS/xN 


(117) 


521 4? +522 4? +^2j 


= — /i2jSin;U 


+/l2jCOS/iM 


(118) 


531 4''' + 532 V'L''' 


= /31+4"^ 




(119) 


531 V'i + 532 f t 


= /32+^!"^ 




(120) 


531 4J + 532 4"' +^3i 


= /^3, + /xi:;i 




(121) 



in which j = 1,2, ... ,n. Consider the n + 2 equations (113)-(115) as a hnear system for 
511, 512, and Hij, j = 1,2, . . . ,n. It is easy to see that the determinant of (113)^(115) is 
given by (107), and therefore Cramer's rule imphes that 

a1"1 



511 = 111 ° Tl"J 



512 = /12 o T["l - 



H 



aN 
^j+2 



□ 



AW ' A 
in which Aj is determined by ( |107 ) and (|lO 

Next, one would like to use Theorem |5| to construct a Backlund-like transformation 
from nW to n > 0. In order to avoid some technicalities related to the gauge freedom 
one has to determine one-forms associated with differential equations (see Remark Q and 
|]21|) only hierarchies of strictly pseudo-spherical type will be considered in what follows. 
Motivated by Corollary 1, let 

XN = (^N,^N,0W,...,<^W), n>0, (122) 

be a map from an open subset of R"'"'"^ with coordinates {x,t,Ti, . . . , Tn) to an open subset 
of R"'^^ with coordinates {x,t,Ti, . . . , Tn), and let ^(x, t,Ti, . . . , Tn) be a smooth real-valued 
function on an open subset of R""^'^. Also, define determinants A^ and Aj""' as 

AW = Jacobian(T["l) , (123) 

and A?""' = A^^ except for the ith. column, which is replaced by the vector ( |108| ). As in 
the single equation case [11, 21] one now proves the following technical lemma: 
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Lemma 5. Let Ut-. = Fi and Uf. = Fi he two hierarchies of strictly pseudo-spherical type 
with associated functions fap, hai, and fa/s, h^i respectively, and assume that fn = G{u), 
G' 7^ 0. For each n > 0, let T^"] he a smooth map as in ( 122 ), and let /^["^(x, t, ti, . . . ,r„) 
he a smooth real-valued function on an open suhset of R""^^. Set Qap = /a/3 o T^"! and 
Haj = haj o T["]. The system of equations 

= a'"] (124) 
AN^y = Aj'Ja (125) 



n 



52l4"l+?22 4"'+2^^2i</'i,x = /2icos/xW -/iisin/iW (126) 

1=1 

n 

?21^1"'+?22 ^^1"'+ J^^2i0M = /22COSA^W _/^2sin;,M (127) 

i=l 
n 

52i4?+?22 4?+2^^2, 'Ai,., = /l2iCOS/i["l_/i2,-sin/xW (128) 

i=l 
n 

?3l4"^+?32y^L"'+E^3.<A^,. = /31+/xL"l (129) 
1=1 
n 

?31 V'i"'+?32V'r'+5^^3i0M = /32 + /xf' (130) 
i=l 
n 

53l4?+?32^i?+5]^3,>^,., = (131) 
i=l 

in which j = 1, 2, ... n, and the left hand side of ( |124| )-( p!3l| ) has heen evaluated hy means 
of the equation 

A N 

fn o tN = G{u) o tW = , (132) 

admits — whenever {^["1} is a solution of the hierarchy = Fi such that uM(x,t) is 
Ill-generic — a local solution -i/;'"], ip^''^\ 0^"^, ... (/>[r', o-nd fi^^^ such that the map T'"! = 
(■(/^["■l, (/^["'l, \ . . . , '^^'Ir') is a local difjeomorphism. Moreover, the maps T^"] and /i'"!, n > 0, 
can 5e chosen so that 

in which l/l"! is i/ie domain o/T^'^l and //["l. 

Proof. Take any solution of the hierarchy n^. = Fj, {-ul"!} say, such that u^^\x,t) is Ill- 
generic. By Theorem 4, there exist functions ^["1, y?'"], V*!"^ ^-iicl /it"! satisfying the first 
order system of equations (|8lD-(p3[), and such that 

TW = (v,W,^N,^N,...,4n]) 
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is a local diffeomorphism. These functions also satisfy the system of equations ( |124 
Indeed, Corollary yields Equation (|132|) and the equations 



/i2 o tW = A^l/A'"] , and hij o = ■ (133) 

Now, let gap, and Haj, a = 1,2,3, be the functions depending on x, t, -0'"^ V'^"', 'Pt^\ 

In] ^ ^ 

(pn , and their derivatives, which are obtained from f^p and haj by computing the pull- 
backs T*faf3 and T*haj as in the enunciate of the lemma. Then, on solutions of the system 
( |10S| )-(111), one has, for any a and /?, 

(?a/3)(x,t) = /a/3oT(x,t)M, 

since on these solutions, Equation ( |132| ) is an identity. 

Thus, the system (p^)-(pl|) reduces to the first order system ([l09|)-([lTl|), (p^ ), and 
the result follows. □ 

Theorem ^ and Lemma |5| allow one to prove the following correspondence result: 

Theorem 6. Let = Fi and u^. = Fi be two hierarchies of strictly pseudo-spherical type 
with associated functions fa/3, hai, and fa/3, hai respectively. Assume that fn = G(u), 



G' 7^ 0. Let T^"' be a solution as in (|122| ) of the system of equations ( |124D -(131) which is a 
local diffeomorphism. Then, any solution {n'"]} of the hierarchy = Fi such that u^^\x,t) 
is IIFgeneric, determines a solution {S'"]} of the hierarchy u^. = Fi such that u^^\x,t) is 
also IIFgeneric. 

Proof. Fix a solution {nl"]} of the hierarchy = Fi such that u^^\x,t) is Ill-generic, and 
consider the system of equations ( 124 )-( 131 ). By Lemma 3, this system possesses local 
solutions v^f"', V''"^ and /uf"' such that Tt""! = (pi ... , (pn) is a local diffeomorphism 

with domain V^"'\ say. One then defines St"! o T^"! by means of 

A N 

/iioTN = ^. (134) 



Note that 



and that for each n > one obtains a system of six equations equivalent to 

j[n]*Q[n] ^ eS"]cos/xN + e["lsin^W, (135) 

xM*e["] = -eS"lsin/xN+e["]cos/z["l, (136) 

j[n]*Q[n] ^ eN+d^N. (137) 
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Since Tt"! is a local diffeomorphism, and the one-forms ©j satisfy the structure equa- 



tions (|18|), so do the one-forms 0- . This means that ( |134D determines a solution of the 
hierarchy Uf- = Fi, as claimed. Finally, note that 

(/ii o T)(/32 o T) - (/i2 o T)(/3i o T)] - <t^t^,,] = fnf32 " fufsi , (138) 

so that n^*^] (x, t ) really is a ///-generic solution. □ 

Thus, solutions to hierarchies of pseudo-spherical type -and correspondences between 
two such- have been found in this paper basically by "dressing" a standard hierarchy of 
pseudo-spherical structures — the one naturally induced by the Poincare metric — by means 
of Equation of Proposition 2. One obviously expects that results analogous to the ones 
proven in this section may be obtained by considering now transformations (0) and (^) of 
Proposition 2, as in [21|. 



It is important to note that, as in the single equation case [[L1| |21| ], the transformation 
(|134| ) appearing in Theorem ^ depends on the particular solution {u'"^} of the hierarchy 
Un = Fi one starts with, and that its construction relies strongly on the Frobenius theorem 
for Pfaffian systems. Since there is no Frobenius theorem available at the level of equa- 
tion manifolds Theorem ^ does not imply that one can "transfer" information on, for 
instance, conservation laws, from one hierarchy to another by means of (|13'j|). 



Remark 5. Instances of correspondences between solutions of differential equations have 
been also found in the framework of hierarchies of zero curvature equations constructed from 
affine (twisted or untwisted) Kac-Moody algebras, by Ferreira, Miramontes, and Sanchez 
Guillen [^. It would be interesting to study whether their approach can be related to the 
one presented here. 

The paper ends with an illustration of Theorems ^ and ^: 

Example: Straightening out the KdV hierarchy. It is shown in this example how 
one can pass from a solution of the KdV hierarchy to a solution of a hierarchy of linear 
equations. To start with, it follows from the seminal paper by S.S. Chern and O.K. Peng, 
that the KdV hierarchy = Fi, i > 0, is of strictly pseudo-spherical type with associated 
functions 

fii = l-u; (139) 
/2i = A; (140) 
/3i = -l-u; (141) 
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hu = {l/2)XB^J+^^ - (l/2)4i+^^ - nB(^+i) + ; (142) 

h2^ = A5(*+i) - ^i^+i) ; (143) 
h3^ = (1/2)A4^+^) - (l/2)4;+i) - nB(^+i) - ^(^+1) , (144) 



in which 



i=o 

and the differential functions Bj are defined recursively by means of 

Bo,^ = 0, (145) 
Bj+i^^ = Bj^^^^ + AuBj^^ + 2u^Sj , < j < i - 1 . (146) 

The functions Fi, i > are given by 

Fi = {l/2)Bi^i^xxx + UxBi+i + 2uBi^i^x , 

and for instance, one can easily check that the equation = Fq the standard KdV equation 

= Uxxx + GuUx ■ 

On the other hand, consider the hierarchy uif. = Fi, i > 0, with seed equation = 
+ Ux , and higher equations 



Uf^ = a'+l u. 



1=1 1=1 



in which the constants are arbitrary except that = 1, r > 1. It is straightforward to 
check that the hierarchy ( [L47| ) is of strictly pseudo-spherical type with associated functions 

fii = u- (148) 
/2i = 1; (149) 
/3i = 2; (150) 

i+l 

hii = ^a^'^^ujfc ; (151) 

k=l 

h2i = 0; (152) 
hii = hu . (153) 

Now, the proof of Theorem ^ implies that if {u'"'}, n > 0, is a solution of the KdV hier- 
archy such that (x, t) is ///-generic, there exist functions a{x, t, . . . , Tn), P{x, t, . . . , Tn) 
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and 6^"'\x,t, . . . ,T„), n > 0, such that Equations (|99|)-( |l0l| ) hold. One then defines a 
difi'eomorphism T : (x, t, ri, . . . , r„) ^ {x,t,Ti, . . . , f„) by means of 



X 



t 



In 



1 " 



1=1 



''"i — ) 

in which i > 1. Theorem ^ imphes that the sequence {u^^^n>o in which 

= J + f + fi + . . . + -fv, , 



is a solution to the hierarchy (|147D . 



(154) 

(155) 
(156) 
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